The paper is devoted to maps of metric spaces whose quasiconformal characteristic satisfies certain restrictions of integral nature. We prove that so-called ring Q-mappings have a continuous extension to an isolated boundary point if the function Q(x) has finite mean oscillation at this point. As a corollary, we obtain an analog of the well-known Sokhotski-Weierstrass theorem on ring Q-mappings.
Introduction
This paper is devoted to mappings with bounded and finite distortion, which have been studied in recent time in a series of papers by various authors, see, e.g., [1] , [2] , [4] , [5] , [9] , [10] , [11] and [13] - [15] . The main goal of the present paper is to prove an analog of well-know Sokhotski-Weierstrass theorem in metric spaces. The corresponding analogs for more general ring Q-mappings in R n were proved by the author in [13] - [14] and, more later, by Cristea for some another classes of mappings [2] . Results concerning removal of isolated singularities for mappings with bounded distorsion (quasiregular mappings) have been obtained mostly in a series of papers by Martio, Rickman and Väisälä, see [9] and [11] . Below we present the basic results concerning removal of isolated singularities for ring Q-mappings in metric spaces that fit roughly into the pattern of [13] .
Everywhere further (X, d, µ) and (X ′ , d ′ , µ ′ ) are metric spaces with metrics d and d ′ and locally finite Borel measures µ and µ ′ , correspondingly. A set E is said to be path connected if any two points x 1 and x 2 in E can be joined by a path γ : [0, 1] → E, γ(0) = x 1 and γ(1) = x 2 . Given a metric space (X, d, µ) with a measure µ, a domain in X is an open pathconnected set in X. Similarly, we say that a domain G is locally path connected (rectifiable) at a point x 0 ∈ ∂G, if, for every neighborhood U of the point x 0 , there is a neighborhood V ⊂ U such that V ∩ G is path connected. Given a family of paths Γ in X, a Borel function ρ : X → [0, ∞] is called admissible for Γ, abbr. ρ ∈ adm Γ, if γ ρ ds 1 for all (locally rectifiable) γ ∈ Γ. Everywhere further, for any sets E, F, and G in X, we denote by Γ(E, F, G) the family of all continuous curves γ : [0, 1] → X such that γ(0) ∈ E, γ(1) ∈ F, and γ(t) ∈ G for all t ∈ (0, 1). For x 0 ∈ X and r > 0, the ball {x ∈ X : d(x, x 0 ) < r} is denoted by B(x 0 , r), and the sphere {x ∈ X : d(x, x 0 ) = r} is denoted by S(x 0 , r).
An open set any two points of which can be connected by a curve is called a domain in X. Given p 1, the p-modulus of the family Γ is the number
Should adm Γ be empty, we set M p (Γ) = ∞. A family of paths Γ 1 in X is said to be minorized by a family of paths Γ 2 in X, abbr. Γ 1 > Γ 2 , if, for every path γ 1 ∈ Γ 1 , there is a path γ 2 ∈ Γ 1 such that γ 2 is a restriction of γ 1 . In this case,
2) (см. [3, Theorem 1]).
Let p, q 1, let G and G ′ be domains with finite Hausdorff dimensions α and α ′ 2 in spaces (X, d, µ) and (X ′ , d ′ , µ ′ ), and let Q : G → [0, ∞] be a measurable function. Given x 0 ∈ ∂G, denote S i := S(x 0 , r i ), i = 1, 2, where 0 < r 1 < r 2 < ∞. As in [10, Ch. 13], a mapping f :
is a ring Q-mapping at a point x 0 ∈ ∂G with respect to (p, q)-moduli, if the inequality
holds for any ring 4) and any measurable function η :
holds. We also consider the definition (1.3) for maps f : G → X ′ , where G ⊂ X is a domain of Hausdorff dimension α, and X ′ is a metric space of Hausdorff dimension α ′ . Recall that X is locally (path) connected if every neighborhood of a point x ∈ X contains a (path) connected neighborhood. A space X is called Ptolemaic, if for every x, y, z, t ∈ X we have
Following [5, section 7.22 ], given a real-valued function u in a metric space X, a Borel function ρ : X → [0, ∞] is said to be an upper gradient of a function u : X → R if |u(x) − u(y)| γ ρ |dx| for each rectifiable curve γ joining x and y in X. Let (X, µ) be a metric measure space and let 1 p < ∞. We say that X admits a (1; p)-Poincaré inequality if there is a constant C 1 and τ 1 such that
for all balls B in X, for all bounded continuous functions u on B, and for all upper gradients ρ of u. Metric measure spaces where the inequalities
, every x 0 ∈ X and all R < diam X, are called Ahlfors n-regular. A metric space is said to be proper if its closed balls are compact.
Let G be a domain in a space (X, d, µ). Similarly to [6] , we say that a function ϕ : G → R has finite mean oscillation at a point
where
is the mean value of the function ϕ(x) over the set
0 ) < ε} with respect to the measure µ. Here the condition (1.7) includes the assumption that ϕ is integrable with respect to the measure µ over the set B(x 0 , ε) for some ε > 0. Let X and Y be metric spaces. A mapping f : 
In the case X = X ′ = R n , the assumption on f yields that every curve β with x ∈ f −1 (β(a)) has a maximal f -lifting starting at x (see [11, Corollary II.3.3] ). Consider the condition
The main result is the following theorem.
Theorem 1.1. Let 2 α, α ′ < ∞, let α ′ − 1 < p α and 1 q α, let (X, d, µ) be locally compact metric space, and let X ′ be an Ahlfors α ′ -regular, proper, path connected, locally connected and Ptolemaic metric space in which the (1; p)-Poincaré inequality is fulfilled. Let G := D \ {ζ 0 } be a domain in X of Hausdorff dimension α, which is locally path connected at ζ 0 ∈ D. Assume that Q ∈ F MO(ζ 0 ).
If an open discrete ring Q-mapping f : D \ {ζ 0 } → X at ζ 0 with respect to (p, q)-moduli satisfies the condition A and ζ 0 is an essential singularity of f, then the following condition holds: for every A ∈ X ′ there exists
2 An analog of spherical metric in metric spaces
Now we give an analog of known spherical (chordal) metric in metric spaces. This analog was firstly introduced in [7] for linear normalized spaces. Given a point x 0 ∈ X, set
The following statement was proved in [7] in the case of linear normalized spaces.
Lemma 2.1. Let (X, d) be a Ptolemaic metric space. If α > 0, β 0 and p 1, then
is a metric on X. In particular, h x 0 (x, y) can be obtained from (2.2) by the setting α = β = 1 and p = 2; thus, h x 0 (x, y) is a metric on X.
Proof. We need to prove the triangle inequality, only. Put x, y, z ∈ X. We need to prove that
Since d is a metric on X,
From other hand, by Minkowski's inequality
Now, we put n = 2, and
By (1.6), (2.4) and (2.5), we have
or, in other words, (2.3), as required. ✷ Remark 2.1. It is easy to see that, metrics H x 0 (x, y) are equivalent in X under different α, β and p. Thus, we restrict us by studying of the metric (2.1), only.
Now we have h x 0 (X) 1. The following nearly obvious lemma can be useful for our further studying.
Lemma 2.2. Let (X, d) be a Ptolemaic metric space, and let C be a compact in (X, d). Now, C is a compact in (X, h x 0 ), moreover, there exist ζ 0 , y 0 ∈ C with
Proof. Let C be a compact in (X, d), and let x k ∈ C. By the definition, we can find
Let us to prove (2.7). By the definition of sup, for every
. Thus, we obtain that
By (2.8) and (2.9), we obtain (2.7), as required. ✷
On capacity estimates through chordal diameter
Classic capacity estimates were proved for conformal capacity in R n in [9, Lemma 3.11] or [11, Lemma 2.6.III]. Also, we have obtained some analogs of capacity estimates of order p in [4, Lemma 2.1]. Our main goal now is to extend the results mentioned above for metric spaces.
As usually, given a curve γ : [a, b] → X, we set
Recall that a pair E = (A, C) , where A is an open set in X, and C is a compact subset of A, is called condenser in X. Given p 1, a quantity
is called p-capacity of E, where Γ E be the family of all paths of the form γ : [a, b) → A with γ(a) ∈ C and |γ| ∩ (A \ F ) = ∅ for every compact F ⊂ A.
The following result holds (see [1, Proposition 4.7] ).
Proposition 3.1. Let X be a Q-Ahlfors regular metric measure space that supports (1; p)-Poincaré inequality for some p > 1 such that Q − 1 < p Q. Let E and F be continua contained in a ball B R ⊂ X. Then
for some constant C > 0.
Let us to prove the following statement.
Lemma 3.1. Let X be a Ptolemaic metric space, let a > 0, and let F be a nondegenerate continuum in X. Assume that, C is some continuum in X \ F with h x 0 (C) a, and R > 0 is some number with h x 0 (X \ B(x 0 , R)) < a/2. Now, there exists continuum
Observe that ζ 0 and y 0 do not both belong to the complement of
There are two possibilities:
where A is some set of indexes α, and
whence we obtain that h x 0 (C 2 ) > a/2, as required. Let us consider the second case: assume that
Arguing is in the case 1, we obtain that there exists z 2 ∈ C 3 ∩ S(x 0 , R). By triangle inequality
whence we obtain that either Let α 2, let α − 1 < p < α, and let X be α-Ahlfors regular, path connected, locally connected, locally compact and Ptolemaic metric measure space that supports (1; p)-Poincaré inequality. Assume that F is nondegenerate continuum in X. Now, for every a > 0 there exists δ > 0 the following condition holds:
for every continuum C ⊂ X \ F with h x 0 (C) a. Proof. By Lemma 2.1, h x 0 is a metric on X. There are two possibilities:
1) Assume that X is bounded, i.e., there exists R 0 > 0 such that X = B(x 0 , R 0 ). Let Γ 0 be a family of all curves, for which α-capacity in (3.3) is attained. In other words, let Γ 0 be the family of all curves γ : [a, b) → X \F, such that γ(a) ∈ C and |γ|∩((X \ F ) \ F 0 ) = ∅ for every compact F 0 ⊂ X \ F. We show that
Observe that a < c b. In fact, suppose the contrary, i.e., assume that c = a. Now, there exists t k → a + 0 as k → ∞ with α(t k ) ∈ F. Now α(t k ) → α(a) ∈ C as k → ∞ by continuity of α. Thus, α(a) ∈ C ∩ F, because C and F are continua in X. This contradicts with definition of E and F. Thus, c > a, as required.
Put α| [a,c] . Observe that α ∈ Γ(C, F, X \ F ), thus, (3.4) holds, as required.
Let Γ 1 be a family of all half-open curves α| [a,c) ,
Assume the contrary, i.e., assume that (3.5) does not hold. Now, there exists γ 1 ∈ Γ 1 and a compact
Since |γ 1 | and F are disjoint compacts in X, dist (|γ 1 |, F ) > 0. This contradicts with the condition γ(t) → γ(c) as t → c − 0. Thus, (3.5) holds, as required.
We obtain from (3.4) and (3.5) that
Now, by properties of p-modulus
From other hand, by Proposition 3.1
where C 1 depends only on F, R, α and p. Put δ := C 1 · a. Comparing (3.6) and (3.7), we obtain (3.3), as required.
Consider the most difficult second situation:
2) X is unbounded, i.e., given R > 0, there exists x ∈ X such that x ∈ X \ B(x 0 , R). Since F is a compact in X, there exists R > 0 with F ⊂ B(x 0 , R). Observe that
Thus, h x 0 (X \ B(x 0 , R)) → 0 as R → ∞. So, we can find sufficiently large R, such that
By Lemma 3.1, there is a subcontinuum
Thus, it is sufficiently to find the lower estimate for cap p (X \ F, C 1 ) .
Since X is unbounded, there exists z 0 ∈ X \B(x 0 , 2R). Let t 0 > 0 be such that B(z 0 , t 0 ) ⊂ X \B(x 0 , 2R). Since X is a locally connected and locally compact space, we can consider that B(z 0 , t 0 ) is a compact in X. Put t * < t 0 . Since X is locally connected, there exists a connected neighborhood V 0 of z 0 . In particular, there exists t 1 > 0, t 1 < t * , such that B(z 0 , t 1 ) ⊂ V 0 . Thus, B(z 0 , t 1 ) ⊂ V 0 ⊂ B(z 0 , t * ), and, consequently, B(z 0 , t 1 ) ⊂ V 0 ⊂ B(z 0 , t * ). Now, we obtain that
where V = V 0 is the continuum in X. Observe that B(z 0 , t 1 ) is not degenerate into a point, because X is Ahlfors regular. Thus, (3.10) implies that the continuum V is non-degenerate.
Let B = B(R) such that B > R and B(z 0 , t 0 ) ⊂ B(x 0 , B). (For instance, we can put V, B(x 0 , B) ) , by Proposition 3.1 we obtain that
where δ 1 depends only on F, R, α, p and V, and δ 2 depends only on a, R, α, p and V.
Arguing as in the proof of (3.6), we observe that
Let ρ ∈ adm Γ 1,2 . If 3ρ ∈ adm Γ 1 , or, if 3ρ ∈ adm Γ 2 , then we obtain from (3.11) and (3.12) that
Assume that 3ρ ∈ adm Γ 1 and, simultaneously, 3ρ ∈ adm Γ 2 . Now, there exist γ 1 ∈ Γ 1 and γ 2 ∈ Γ 2 such that
Recall that F, C 1 ⊂ B(x 0 , 2R) and V ⊂ X \ B(x 0 , 2R). Now, by [8, Theorem 1, § 46, item I] there exist γ 1 , γ 2 ∈ Γ(S(x 0 , R), S(x 0 , 2R), B(x 0 , 2R)) such that γ i are subcurves of γ i , i = 1, 2. Observe that diam γ i R. Putting
we obtain that
Moreover, by Proposition 3.1
We obtain from (3.16) and (3.17) that
From other hand, we obtain from (3.15) that 3ρ ∈ adm Γ 4 . Now by (3.10) we obtain that
Finally, by (3.14) and (3.19), we obtain Suppose that there exists ε 0 > 0 and a Lebesgue measurable function ψ(t) : (0, ε 0 ) → [0, ∞] with the following property: for every ε 2 ∈ (0, ε 0 ] there is ε 1 ∈ (0, ε 2 ] such that
for every ε ∈ (0, ε 1 ). Assume also that
as ε → 0. Let Γ be the family of curves γ(t)
In particular, (4.1) holds true whenever a given function ψ ∈ L 1 loc (0, ε 0 ) satisfies the condition ψ(t) > 0 for almost every t ∈ (0, ε 0 ).
Proof. We observe that
where is the family of all curves α i (t) :
where r i is a sequence with r i → 0 as i → ∞ and α i (t k ) → x 0 as k → ∞ for the above sequence t k , t k → 0 as k → ∞. Fix i 1. By (4.1), we see that I(ε, r i ) > 0 for all ε ∈ (0, ε 1 ) with some ε 1 ∈ (0, r i ]. Now, we observe that the function
satisfies (1.5) in the ring A(x 0 , ε, r i ) = {x ∈ X : ε < d(x, x 0 ) < r i }. Since f is a ring Q-mapping at x 0 with respect to (p, q)-moduli we obtain
Note that
for every ε ∈ (0, ε 1 ). By (4.4) and (4.5), we have
for every fixed i = 1, 2, . . . , and ε → 0. But the left-hand side of (4.6) does not depend on ε, whence we see that M p (f (Γ i )) = 0. Finally, by (4.3) and the semiadditivity of the modulus of a family of curves (see [3, 10 , Theorem 1(b)]), we obtain M p (f (Γ)) = 0, as required.
It is not difficult to see that h x 0 is a metric on X. Indeed, by Lemma 2.1, h x 0 is a metric on X. By (3.8), we obtain h x 0 (x, y) h x 0 (x, ∞) + h x 0 (∞, y) for every x, y ∈ X. We show that
for every x, y ∈ X. Using the definition of h x 0 (x, y), we obtain that (4.7) is equivalent to
Since the last relation is obvious, (4.7) holds, as required. Another properties of a metric for h x 0 are obvious.
The following statement holds.
Proof. By Lemma 2.1 and remarks mentioned above, h x 0 is a metric on X. Put x n ∈ X, n = 1, 2, . . . , . We need to prove that there exists x n k such that x n k → x 0 for some x 0 ∈ X as k → ∞. If x n = ∞ for infinitely large n, the statement of Lemma holds for x 0 = ∞. Now, assume that x n = ∞ for each n N 0 and some N 0 ∈ N. There are two possibilities: 1) for every m > 0 there is x nm ∈ X \ B(x 0 , m). By the definition of h x 0 , we obtain that h x 0 (x nm , ∞) → 0 as m → ∞. 2) There exists R > 0 for which x n ∈ B(x 0 , R), n = 1, 2, . . . , .
The next lemma is a statement about removable singularities of open discrete mappings in the most general setting. Lemma 4.3. Let 2 α, α ′ < ∞, let α ′ − 1 < p α and 1 q α. Let G := D \ {ζ 0 } be a domain in a locally compact metric space (X, d, µ) of Hausdorff dimension α, where G is locally path connected at ζ 0 ∈ D, and let (X ′ , d ′ , µ ′ ) be a metric space of Hausdorff dimension α ′ . Assume that, X ′ is Ahlfors α ′ -regular, path connected, locally connected, proper and Ptolemaic metric space, which supports (1; p)-Poincaré inequality. Suppose that there exists ε 0 > 0 and a Lebesgue measurable function ψ(t) : (0, ε 0 ) → [0, ∞] with the following property: for every ε 2 ∈ (0, ε 0 ] there is ε 1 ∈ (0, ε 2 ] such that (4.1) holds for every ε ∈ (0, ε 1 ). Assume also that (4.2) holds as ε → 0.
Let K be some nondegenerate continuum in X. If an open, discrete ring Q-mapping f : D \ {ζ 0 } → X \ K at ζ 0 with respect (p, q)-moduli satisfies the condition A, then f has a continuous extension at ζ 0 . (Here the existing of limit at ζ 0 is understood in the sense of the space (X, h x 0 )).
Proof. Since X is locally compact, we may consider that B(ζ 0 , ε 0 ) is a compact. Suppose the contrary, i.e., suppose that f has no limit at ζ 0 . By Lemma 4.2, (X, h x 0 ) is a compact, therefore, C(f, ζ 0 ) is non-empty. Thus, there exist two sequences x j and x
a > 0 for all j ∈ N. Since G is locally path connected at ζ 0 , there exists a sequence r k → 0, 0 < r k < ε 0 , r 1 > r 2 > r 3 > . . . ,
there is a number j 1 ∈ N such that x j 1 and x ′ j 1 ∈ B(ζ 0 , r 2 ). Let C j 1 be a curve joining x j 1 and x
Similarly, there is a number j 2 ∈ N such that x j 2 and x ′ j 2 ∈ B(ζ 0 , r 3 ). Let C j 2 be a curve joining x j 2 and x ′ j 2 in V 3 \ {ζ 0 } ⊂ B(ζ 0 , r 2 ) \ {ζ 0 }. Continuing this process, we obtain some number j k ∈ N such that x j k and x ′ j k ∈ B(ζ 0 , r k+1 ). We join x j k and x ′ j k by a curve C j k , which belongs to V k+1 \ {ζ 0 } ⊂ B(ζ 0 , r k ) \ {ζ 0 }. There is no loss of generality in assuming that x j and x ′ j can be joined by the curve C j in B(ζ 0 , r j ) \ {ζ 0 } . Let E j = (B(ζ 0 , ε 0 ) \ {ζ 0 }, C j ), and let Γ f (E j ) be a family of curves, which corresponds to a condenser
This family of curves is well defined, because f satisfies the condition A by assumption of Lemma.
Let Γ E j 1 be a family of all curves α(t) : [a, c) → B(ζ 0 , ε 0 ) \ {ζ 0 } starting at C j , for which α(t k ) → ζ 0 at some sequence t k → c − 0, t k ∈ [a, c), k → ∞. Similarly, let Γ E j 2 be a family of all curves α(t) : [a, c) → B(ζ 0 , ε 0 ) \ {ζ 0 } starting at C j , for which dist (α(t k ), S(ζ 0 , ε 0 )) → 0 for some sequence t k → c − 0, t k ∈ [a, c), k → ∞. Now, we show that
Suppose the contrary, i.e., suppose that there exists a curve β :
where lim is understood with respect to the metric d. First, we observe that c = b, because otherwise |β| = f (|α|) is a compact subset of f (B(ζ 0 , ε 0 ) \ {ζ 0 }), which contradicts the choice of β.
So, c = b, and, passing to subsequences if necessary, we can restrict ourselves to monotone sequences t k . If x ∈ P, by the continuity of f we see that f (α(t k ))
Thus, f is a constant on P in B(ζ 0 , ε 0 ) \ {ζ 0 }. On other hand, |α| is a compact closed subset of the compact set B(ζ 0 , ε 0 ) (see [8, Theorem 2.II.4,  § 41] ). The Cantor condition for the compact set |α| shows that By (4.8), we obtain that
Note that an arbitrary curve γ ∈ Γ E j 2 is not included entirely both in B(ζ 0 , ε 0 − We put γ 1 := γ| [0,t 1 ) . Observe that |γ 1 | ⊂ B(ζ 0 , ε 0 − 1/m), moreover, γ 1 is not included entirely either in B(ζ 0 , r j ) or in X \ B(ζ 0 , r j ). Consequently, there exists t 2 ∈ (0, t 1 ) with γ 1 (t 2 ) ∈ S(ζ 0 , r j ) (see [8, Theorem 1, § 46, item I]). There is no loss of generality in assuming that
Observe that
By the definition of ring Q-mapping at ζ 0 with respect to (p, q)-moduli and by (4.9), we obtain that Formula (4.2) shows that S(r j ) → 0 as j → ∞ and, consequently, from (4.9) it follows that
On the other hand, by Lemma 3.2, cap p f (E j ) = M p Γ f (E j ) δ > 0 for every j ∈ N. But this conclusion contradicts (4.10). Thus, f has a limit at ζ 0 , as required.
Proof of the main result
We will say that a space (X, d, µ) is upper α-regular at a point x 0 ∈ X if there is a constant C > 0 such that µ(B(x 0 , r)) Cr α for the balls B(x 0 , r) centered at x 0 ∈ X with all radii r < r 0 for some r 0 > 0. We will also say that a space (X, d, µ) is upper α-regular if the above condition holds at every point x 0 ∈ X. The following statement can be found in [10, Lemma 13.2]. The following main result of the paper follows from Lemma 4.3 (see also similar result in [13] for the space R n ).
Theorem 5.1. Let 2 α, α ′ < ∞, let α ′ − 1 < p α and 1 q α. Let G := D \ {ζ 0 } be a domain in a locally compact metric space (X, d, µ) of Hausdorff dimension α, where G is locally path connected at ζ 0 ∈ D, and let (X ′ , d ′ , µ ′ ) be a metric space of Hausdorff dimension α ′ . Assume that, X ′ is Ahlfors α ′ -regular, path connected, locally connected, proper and Ptolemaic metric space, which supports (1; p)-Poincaré inequality. Suppose that Q ∈ F MO(ζ 0 ).
Let K be some nondegenerate continuum in X. If an open, discrete ring Q-mapping f : D \ {ζ 0 } → X \ K at ζ 0 with respect to (p, q)-moduli satisfies the condition A, then f has a continuous extension at ζ 0 . (Here the existing of limit at ζ 0 is understood in the sense of the space (X, h x 0 )).
Proof. We show that the condition Q ∈ F MO(ζ 0 ) implies the conditions (4.1)-(4.2) at ζ 0 . In fact, putting ψ(t) = log −α/q 1 t
, we obtain the relations (4.1)-(4.2) from Proposition 5.1. Now we obtain the desired conclusion by Lemma 4.3. ✷
